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MATHEMATICS 5’ Y- ‘2'5/\/

’A: PROPERTY OF LOGARITHMIC CONCAVE FUNCTIONS. I

BY

C. G. LEKKERKERKER

(Communicated by Prof. J. G. vax DER CORPUT at the meeting of October 31, 1953)
In this paper we use the following definitions.

Definition I. A real function g(x) of a real variable x is said to be
convexr in the interval (a, b) if in this interval g(z) satisfies the condition

(1) 9(@) S 7 glay) + o gl i @1 < 7 < 2y;

g(x) is said to be concave, if this condition holds with the =< sign replaced

by the = sign.

Definition II. A positive function f(x) is called logarithmic convex

(logarithmic concave) in the interval (a, b) if g(x)=1log f(z) is convex (con-

cave) in (a, b). If for each admissable set z;, #, z, the relation (1) holds

with the < sign (> sign), then g(z) is called strictly convex (strictly concave)

and f(z) is called strictly logarithmic convex (strictly logarithmic concave).
Some well-known properties may be stated as follows.

(i) If g(x) is convex, then —g(z) is concave, and conversely.

(ii) If g(x) is convex or concave in the interval (a, b), then g(x) is con-

tinuous in the interior of (a, b).

(iii) If f(z) and @(x) are logarithmic convex in (a, b), then the sum

Hx)+@(x) also is logarithmic convex in (a, b).

(iiii) Let f(x,t) be a positive function of two real variables x, ¢ Let

(@, b) and (c, d) be two intervals, such that for each ¢ in the interval (c, d),

f(z, t) is a logarithmic convex function of z in (@, b), and such that

F(z) = ffl e, t)dt

exists if x belongs to (a, b). Then the function F(x) is logarithmic convex
in (a, b).

Generally spoken (iii) and (iiii) are not true for logarithmic concave
functions. For a special class of functions, however, it may be possible to
establish the analogues of (iii) and (iiii). The main object of this paper is
a proof of the following remarkable result.

Theorem 1. Let f(x) and ¢(x) be two functions of a real variable
Suppose that

10 f(x) and @(x) are positive and steadily decreasing for x = O.

20, f(x) and @(x) are logarithmic concave in the interval 0 = ¥ <oo.
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Then the integral
(2) [fO)ygle+x)dt
o

exists and represenls a function f(x), which likewise is positive, steadily

Furthermore, if log ¢(z) is not a linear function of x in any inlerval
a < x<oo (a>0), then this function f,(x) is strictly logarithmic concave,
As a consequence of theorem 1 I prove
Theorem 2. Let f(x) be continuous, positive, steadily decreasing and
logarithmic concave in the interval 0 < x<oo. Suppose that log f(x) is not
linear in the interval 0 5 x<oc and put

3) ] Heydz=y.
Then y is finite and by the relations
@ W@ @ = TLOLE DA (=0,1,..)

@ sequence of functions is defined, for which
) 0<1o(0) < (0) </0) <. .

We give an application of the last theorem. Let 2, =2, 2,=2{", ... be
random variables, independently distributed with common density
function f,(x). We suppose that fy(x) is symmetric and that for z = 0 this
function is continuous and steadily decreasing. We next consider the
random variables g, defined inductively by

7 = |23t - e k=1,2..;0=12...).
For fixed n the random variables g, gV, ... are independently distributed
with a common density function, which may be denoted by f,(x). Since
the density function f}(x) of |z{®| is given by
0 ¢fax<O
we have the formula

fusal@) =4 :ff,..m f(t+lzhdt (n=1,2, ..).

We ask for a condition, such that the values f,(0), f,(0), fo(0), ... form o
monotoneously increasing sequence !). In virtue of the symmetry of fy(x)
we have

f fo@)dz =4 | folx)dz =1,

') This question was raised by Mr J. pe Bogg, collaborator at the Statistical
Department of the Mathematical Centre at Amsterdam. After a discussion with
Prof. v. p. Corpur and Prof. vaAN WiNcaARDEN I was led to the assertions of

theorems 1 and 2.
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Now an answer to the question is afforded immediately by theorem 2.
For taking y = §, we see that the sequence of values f,(0) is monotoneously
increasing indeed, if f(z) satisfies the additional condition of being loga-
rithmic concave in the interval 0 < z<oo, whereas log f(z) is not linear
in any interval a < x<oo (2> 0).

Proof of theorem 1.
1. The integral (2) exists for x = 0, and, as a function of x, is positive
and steadily decreasing

By (ii) and 2° we see that f(x) and @(x) are continuous for x> 0. Clearly
it is no loss of generality to suppose that these functions are continuous
also at the point x=0 and there assume the value

(6) f(0)=g(0)=1.

Put g(x)= —log f(z), g(1)=w. Then g(x) is steadily increasing and convex
in the interval 0 < z <oo. In particular we have «>g(0)=0. Applying (1)
with 2,=0, x=1, 2,>1 we find

x = x—;lg(O) + g—lcg(x) = =g(x) for x > 1,

R

hence
fx)=e" < e for x = 1.
Similarly there exists a positive number 8, such that
px) < e P for x = 1.

Consequently the integral (2) exists 2). Let it represent the function
fi(x). Evidently f,(x) is positive. For 0 < x, <z, we have

PE+2,)>p(t+ap) for all t = 0,
hence

[0 glt-+2)dt> [0 glt-+ )t

ie. fi(%,)>fi(x,). Hence fi(z) is steadily decreasing.

2. Differentiability of fi(x) in a special case

We now consider functions f(z), g(x) of a more special kind. In fact we
shall suppose, in this and the next three sections, that f(x) and ¢(z)
instead of 1°, 20 fulfill the more restrictive conditions
30, f(x) and @(x) are continuous for x = 0, whereas
(6) f(0)=g(0)=1
49, there exist a positive number o and four sequences of positive numbers
Ons Bns Cn> & (=1, 2, ...), such that
(7) O<o o= ... 3 0<p =6, ...
(8) f(x):on e

(0)=d.cee if (m—1l)o=x<no (n=1,2,..).
p(@)=d,e’n |

2) For the same reason the number y occurring in theorem 2 is finite.
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We note that according to the continuity of f(x) and ¢(x) the numbers
¢,, d, satisfy the relations

f(no) = ¢, e %" = ¢, ., e”%n+1:"

9 = .se
( ) ¢(n0) = d,n e’ﬂw'w = dn+1 e_ﬂ’l’H-l'm (n 13 2) ),
whereas
(10) 01=f(0)= 1, d1=tP(0)= 1.

In this section we shall prove that, if f(x) and @(x) fulfill the conditions
30 and 49, the function

[+
(11) hi#)= {J‘(t) p(t+x)dt
s continuously differentiable for x = 0.
Let x,>0 be arbitrary and let ¢ be a positive number. Put
zy=go—+&;, where 0 < ;<o and ¢ is a non-negative integer
t=n0—§, (n=1,2,...),

so that #>0.
Let 6 and % be any real numbers with

O<d<ido , o<ty , h520 , 2y+h = 0.

Then we may write

h)—, ° h
fl(x0+lz fl(xo) — E‘)‘f(t) . fl)(t-l'%-l-h)—qi(i-}-xo) dt

-5 oo tptd o0 tp+1—0
=7 + +
6[ nzl t.nlé 'nzl tn'[l-d

In virtue of the conditions 3° and 4° we clearly have

@t +h)—o(t) < —Bp.n—10 _ .
Imh l =< max f,e B, say,

T m=12,...
for all real ¢ and A, with ¢ = 0, ~,;540, t+4, = 0. Hence

ty,+0
| @ltmo+h)—glt+a)
1,10 | .

dt < 2 Bd f(t, — 9).

Now fix &, such that
2 Bo-{{(0) + 3 flne)} < e.

Then we get
-3 oo tptd
t‘f f(t) - ‘P(t+xo+h}1“‘¢(t+xo) dt + z nj 6f(t) . q’(t+$o+h}1'—¢(t+xo) dt] <
0 n=1 ty—

The function ¢(¢) has a continuous derivative, except possibly at the
points 0, g, 20, ..., whereas

lg'®t)| < B (t£0, 0, 20, ...).
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Hence the function f(t). |¢'(t+2,)| can be integrated over the interval
0 = t<oo. In particular we find the estimate

tp+6

) {dl‘(t)~¢"(t+%)dtl <2Bof(t,—0)

and a similar estimate for [§=°. This implies

0o lptd

l f "fity- Pt 2o dl + f f(t)-'(t + o) dt| < e.
According to the choice of ¢, the derivative ¢'(t +x,) certainly exists if
t#t,. We can find a positive number < §, z,, such that
o' (t+2) — @' (t+ )| <e,
if xg—n<x<xy+n and if ¢ belongs to the interval (0, ¢, —d) or to one of

the intervals (f,+96,¢t,,,—0) (n= ...). Henceforth
00 tn+1~9
f g+, +h)“‘<P(t +2,) /
(1371 i — -+ @) de|
th—o oo tp+179 0o
< & g f(¢) dt +ngl tia f(t) dt) < aojf(t)dt if 0<|h] <.

Combining the results we obtain

fl(xo“\l’b}'szl(xo j‘f t + xo) dt'
o lptd _ o tatd
— nzl Lnf af(t) t+xo+h) (t+24) dt — z J~ f (¢ + xo) dt +
=8 00 tn 4170 3
+ ( J' +nzl tj;d )f(t) . {¢(t+xo+}3_¢(t+mo) _ (P/(t + %)}dtl

8(2+Tf(t)dz) if 0< |k <7;
Hf(t t+ x)dt — I/’ )-@'(t + %) dit |
a(2+gf(t)dt) if |x—25| <2 =0.

We conclude that the function f,(x), given by (11), is continuously
differentiable for x>0, whereas we have

(12) fi@=T 1) ¢ (-+a)ds

By a small modification of the foregoing argument we see that these
conclusions even hold for z = 0.

3. An expression for fi(x)

We suppose 0<z<o and express f,(z) in terms of o, &y, B, . It will
appear that f,(z) is indefinitely differentiable for 0<z<o.
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Dividing in (11) the range of integration into the intervals ((n—1)o,
no~—zx), (ho—x, no) (n=1,2,...) we find from (8)

no—2a

o no
J' Cp dn e—ant—-ﬁn(t-!-m) dt + z I Cn dﬂ+1 e—a:nt—ﬂn+1(t+z) dt

1(n—-1o n=1n0—u

M3

fi(@) =

n

S endn

=‘n=1 o"n+ﬁn

o0

{e—an(n~1)a—-ﬁn(n—l)a-ﬂ,nw — e ﬂnu—ﬁnna-l-unx} +

Cnn+1

[tk {e"‘ 0~y 4 M0+ opx e‘“nn“‘ﬁn+lm‘ﬁn+1‘”},
n=1 o+ Bn+1

Using (9) and (10) we can express ¢,, d, in terms of o, «,, f,. We find

Cp €7 = ™%, T BTN = gmT. g e o —1in—10 (n=2,3,...),
hence
€, €7 = 6'(“%+"‘n—1+"‘“‘)a'01 e~ — gttt tay)e (n =1, 2, )

Similarly we find

d,, e=Pun®

d e"ﬁ,,+1na = e-(ﬂ|+ﬁ,+...+ﬁn)a (’I’L = 1’ 2: )
n+1

In order to obtain a neat expression for f;(x) we introduce

(13) U () = e~ @t +an_10=Bit et By 10~y 1)
(14) Vn(:l') = gt Fap)o— Bt +Byo+oe
1 1 1
18 T = - =2,3,...
( ) Al o t+py’ An dn—1+Bn  ntPn (n >3 )
1 1

= - =1,2,...).

(16 B, Th  aahn m=h2.)

Then the expression found for f,(z) takes the form

1@ = 3 [ (V@) = V@) = s (Uana(@) =701}
an

= SA4,Uf2)~S B, V)z) (0<z< o)
n=1 n=1
Differentiating U,(x) and V,(x) with respect to « we find
(18) Un@)= =B, Un(@) , Vi(x)=0x, V().

Since the numbers 4,, B, certainly are bounded and since the expressions
U,(x), V,(x) are majorized by e~V @+he it follows from (17) and (18)
that fi(z) can be differentiated indefinitely for 0<z<o.

On account of

e""n"'ﬁn"_ﬁnm < e“"‘n“'"ﬁn“"'"‘n"’ < e-»ﬂ,nm (0 <x< 0.)
the funections U,(x), V,(x) satisfy the relations
(19) U@ < V@) <U,x) (m=1,2,...).
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We conclude this section by computing the following expressions
n—1
k;(Ak'l”Bk) 2( B A + % By), z(ﬂkAk+0‘kBk)

In order to shorten the calculations we introduce an unspecified positive
number «, and for a moment replace

1 1 1
Al - o+ by o +p1 - o+

Then we find for n=1, 2, ...

1 1 1 1
z (e + By) = 2 (ock 1B oxt+Pr + o+ ock+ﬁk+1>
1
- oo +B1 on—1+Pn’
S " B Br ar o
121( B A + o By) —kzx ( -1+ B * o +Br + o +Pr °‘k+ﬂk+l>

B o G ok o
‘,2{( 0‘k—1+ﬁk+l ock+ﬁk+1> —kal(ak-—l'l‘ﬂk 0‘k+ﬁk+1>

_ % %m-—1
0‘0+ﬁ1 O‘n-—1+ﬁ'n’

"21(1324‘1 L a2 By - ( i Jii4 4 o oF )

(2 Pie £+ G %) g P 1+/3k T oxtPBr | oxtPr  oxtBr+r

— 2 -
— . *k __n ! _ Br or—1 o Br+1
a Z (ak 1+Bk Br + o= 0‘k+ﬂk+1) ~k§1( -1+ B + ock+l3k+1)
% fy on—16n
o7} +51 Gy —1 +ﬂ'n ’
Letting «, tend to infinity the final results take the form

n—1 1
(20) kzl (4 + By) = — TP
nd 7 %n-1 B
(21) k§1(‘ Prdi+ o By) = 1 on—1+Bn  on-1+Pn
@) S BAcraiB) =—f 22 w12,
2 Prde 0 By) == P1 ¥ g 3 Lseen)

4. If f(x) and @(x) fulfill the conditions 3° and 4°, with some o> 0, then
fi(x) is logarithmic concave in the interior of the interval (0, o)

Since f,(z) certainly is twice differentiable for 0 <z <o, it comes to the
same thing to show that

2 ha(@) fy(@)—{f1(x)}?
7 log f1(2) = _1____27_1&_5_}21__



512

is at most equal to zero for O<z <o, Put

Then, applying (17) and (18 ), for 0<x<o we get

9 = (34,00 + 3 B. V@) {34 V@) + 3 o2 B Vulol}
- {“nzlﬂnAn Un(x) + nzllxn Bn V,,,(x}}z.

Carrying out the multiplications and gatheiing the terms with
Un@) Up@) » Up@) Va(@) » Vol@) Vi) (n=1,2,...; k=1,2,...)

we find
@) = 33 (6= B0 4, A Uolo) Uolo)
+§§wﬁM%Amnmnm
(23) + g%(ﬂn—mk 124, B, U, (@) Vi(®)
+ ES: sz —,)2 B, B, V,(x) Vi(2).

In virtue of (7), (15), (16) the numbers A4,, B, are all = 0, except A4,.
Hence the first double series in the last member consists of non-negative
terms only, since for each term n = 2. Applying (19) we see, that the sum
of this double series is not diminished, if in each term we replace U,(z) by
U,(z). Similarly the sum of the second double series does not decrease if
in each term we replace the factor Vi (x) by Us(z). In the third double
series the terms with n=1 may be negative, whereas the other terms are
certainly non-negative; hence the sum of this series is not diminished if
we replace U,(x) by U,(z). In the fourth double series we replace ¥V, (x)
by U,(x). We thus obtain

-U%c—) H(x) é 1§k<zn {(ﬂn - IBk:)2 Ak + (ﬂn + (Xk)z Bk} An Un(x) +
+ 3 3 {8+ o) Ay + (o0 — ) B} By Vi(a).
Put

Sy =n§1{(ﬂn — B2 Ai + (Bu + 02)® By} (n=2,3,..)

8P = E{ﬂn+“k)2A +(n—x)? B} (k=1,2,..).

Then the last inequality takes the form

1

o o = 2 4,80 U, (@) + z B8P V().
1
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The expressions S’ and Sj? can easily be computed. Applying (20), (21),
(22) we find

S = Bx Z (A + By) + 26, Z — B Ay + % By) +nil(ﬂ;chk + o By)
e <1

—_ ﬁn ‘)/3- oty —1Pn
h O‘n‘1+ﬁn+0‘n 1-+Bn ﬂl ocn_1+/3n=_‘81+.8n:

3 k k
- Dc;zcnzl(An + B,) — 204 21(— BnA, +x,B) + > (fad, + 2B,
= n= n=1
8 209k —8 ok fr+1
o t+Pr+1 oxt+Prr UV e +-Brr1 Pr— o
Consequently

U(x Hiz) ni(ﬂn 1) 4, Un@) + Z( o — B1) By Vi().

The first sum consists of non-negative terms only. In this sum put n=Fk+1.
Using (19) we obtain

77 H@ = 3 (Brr = ) A Upa(@) + 3 (— 20— ) B Vala)

< 3 {(Burs =2 As + (— 23— 1) BY Vi@,
Since

(Brs1r— B1) Apsr + (— o — B1) By
_ BB BB oth o +By
cr+Pr+1  dr+1+Br+1 ox+HBr  oxtHPr+a

Besr—Br _ _tB _ _ow1th _ oth
opr1tBe+1  ocx+Brr1r ock+1+Prir TP’

we conclude

1 o0
(24) Ul(x) x) = g (0 < z < o),
where
(25) tk - 0‘k+1+ﬂ1 _D‘k+ﬁ1

or+1+Brrr ot
The partial sums of these numbers ¢, are all non-positive. In fact we have

< ax+1t+h o +By By+1—B1
4 = - =— <0 N =1,2,...).
kzl P ay+i+tBN+1 catb aN+1t+BN+1 T ( )

Since for fixed z the values Vi(x) form a decreasing sequence (see (19)),
partial summation leads to

kfltk V,(x) =<0, hence dia; log fi(z) = 0.

This proves the assertion.
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A PROPERTY OF LOGARITHMIC CONCAVE FUNCTIONS. II

BY

C. G. LEKKERKERKER

(Communicated by Prof. J. G. vAN DER CorpuT at the meeting of October 31, 1953)

5. If f(x) and @(x) satisfy the conditions 3° and 49, then f,(x) is loga-
rithmic concave im the interval 0 < r<oo

Let g be a positive integer. Put ‘ ,
plgo+2)=g*) (x =0).

Then f(x) and ¢(x) fulfill the conditions 3° and 49, except for the relations
(6). But the result of the preceding section remains true if (6)is not
satisfled. Consequently the function ff(x), represented by

@)= 10 g +a)d,

is logarithmic concave in the interval 0 <x<o. Since we have ff(z) =
fi(go+x) and since the positive number g is arbitrary, we conclude that
fi(x) is logarithmic concave in the interior of each of the intervals
(90, (g+1)o) (9=0,1,2,...).

Now in section 2 we found that f,(z) is differentiable. Hence the last
result means that d/dz{—log f,(x)} is non-decreasing in each of the intervals
go<ux<(g+1)o (9=0,1,2, ...). Since f,(x) is even continuously differen-
tiable for x = 0, we conclude that d/dx{—log f,()} is non-decreasing

throughout for = 0. This proves that f,(x) is logarithmic concave in the
interval 0 < x<oo.

6. The continuity and logarithmic concavity of f,(x) in the gemeral case

Let the functions f(z) and @(x) be continuous for x = 0 and fulfill the
conditions 1° and 2°. Suppose that (6) holds. We approximate f(zx) and
@(x) by functions which possess the properties 3° and 4°.

Let o be an arbitrary positive number. We determine two functions
F(o;z), P(o; x) by the following requirements.

a) F(o;no)=f(no) , P(o; ne)=¢no) (r=0,1,2,...)

b) log F(o; x) and log @(c; x) are linear functions of z in each of the
intervals (n—1)0 <2 <no (n=1,2,...). Then the functions F(o;x),
®D(o; x) are positive, continuous and steadily decreasing for x = 0,
whereas we have

F(o; 0)=D(c; 0)=1.

v
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Put
S - %[log F(o;no)—log F(o; (n—1)0)]=«, )
(26) ) , - (n=1,2,..)
2 - = [log D(o; no)—log D(o; (n—1)o)]=4, \
and define the numbers c,, d, (n=1,2, ...) by
F(o; no)= f(no)=c, e~on",
D(o; no)=p(ne)=d, e~
This leads to the formulae
Fo;2)=c¢c,e™** if (n—1)o Zx < no
. } (n=1,2,...).
D(o; 2)=d, e Pt if (n—1)o Zx < no

We note that the numbers «,, 8,, ¢,, d, depend on the choice of ¢. Applying
(1) to the function g(x)= —log f(z), with &, =(n—1)o, x=n0, z5=(n+1)0,
we find

g(no) = $9((n—1)0)+49((n+1)o),

_log F(o;n0) = —}log F(o; (n—1)a)—} log F(o; (n+1)o),
hence

Oy S 0ty (n=1,2,...).

Since F(o; ) is steadily decreasing, the numbers «, are positive. Similarly
we can prove 0<p; =< B, < .... A

Consequently the functions F(o;x) and @(o;x), determined by a)
and b), possess the properties 3° and 4°. Applying the results of the pre-
ceding sections we conclude that the function Fi(c;x), defined by

(2m Fi(o; x)=°} F(o;t) D(o; t+x)dt,

is logarithmic concave in the interval 0 < x<oo.
We proceed to prove the relation

(28) lim Fyo; 2)= | f(t) g(t-+x)dt=fy().
o—+0 0
Let & be a positive number. Choose 0= d(¢;), such that
'f(x,)“f(") <g if z—d<a’<w+6, x =0, &' =0,
lp(@") — ()|

Since for fixed 7> 0 the differences f(t+7)—f(t), ¢(t+ ) — @(t) tend to zero
as ¢t tends to infinity, and since the functions f(x) and @(x) are continuous
and monotonie, this number ¢ can be chosen so as to be independent of .
Take o< 6 and let # be the positive integer with (n—1)0 = x<no. Then
we have

f((n—1)0) Z f(@)>f(no) , @((n—1)0) = ¢(z)>¢(no)
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and
f((n—1)0) = F(o; x)>f(no) , ¢((n—1)0) = D(0; x)>p(no).
Hence

|F(o; )~ [ (2)] <g if 0<o<d.
|P(o; &) — p(x)]

From a), b) and the logarithmic concavity of f(z) and @(z) we deduce
F(o;2) < f(z) , D(o; 2) = g(x) for z = 0.

Now let ¢ be a positive number. Choose 4>0, such that
s <]
[ 1) pt+2z)dt<e for x = 0,
4

and take &=(1/4)e. It follows that, for o< d=20((1/4)e),
Fy(o; 2)— f(@)| = (@) — Fy(o; @)
f{f @(t+x)— F(o;t) D(o; t+x)}dt +

+ f{f() ¢li+2)—F(o; 1) B(o; t+2)}dt

<£(0) f{zp(t—}—x)—(b(a; t+x)}dt+ D(o; 0) ;F {{¢)— F(o; t)}dt+
0

+ [ 1) p(t-+2)dt
A4
<Aée + Aeg+e=3e.

This proves the relation (28).

By what we have proved the inequality (1) holds, if for g(x) we take
the function —log Fy(o;z). According to (28) the same inequality holds
for each triple of real numbers x,, z, z, with 0 < », <2 <,, if for g(x) we
take the function f,(x). Hence f,(x) is logarithmic concave in the interval
0 < x<oo,

Since in the above analysis for each & the numbers ¢, 4 can be chosen
so as to be independent of z, the relation (28) even holds uniformly for
2z = 0. Now for each ¢>0 the function Fi(o; x) certainly is continuous.
Hence f,(x) is continuous for z = 0.

The proof of the main part of theorem 1 is now completed.

7. Proof of the last part of theorem 1

Let f(x) and ¢(x) be continuous for z = 0 and fulfill the conditions
19 and 29, whereas f(0)=¢(0)=1. Put

—log p(z)=y(x) , —log fy(x)=g,(x),

and suppose that y(2) is not linear in any interval ¢ < z< oo (@>0). By a
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refinement of the foregoing proof we shall show that ¢,(x) even satisfies
the condition

g1(x) < 91( ) + = gl(xz if 0= 2 <o <,

Lg— Xy

Then the proof of theorem 1 will be completed.
Since w(z) is convex, we have

Bz —w(@) (&) —p(xs) o0 o
pra—y py—— if 05 o) < 2y, 25 < 2,

Choose a>0 arbitrary and put

y = inf p(@) — "P(wl)
ase <icy Tg— 2y

since y(x) is steadily increasing, we have y>0. There further exist a
positive number b>a and a positive number y’ >y, such that

wgyl if b <, < 2
X — Xy

Let ¢ be a positive number <3a. We return to the functions F(o; z),
D(o; ), Fy(o; x), defined in the foregoing section, and the numbers «,, §,
connected with these functions. Let U,(x), V,(x) (n=1, 2, ...) be defined

y (13), (14), and put

H(x)= Fy(o; ) F{(o; 2)—{F{(o; 2)}* (240, 0, 20, ...)
Tn= Ztk (n=1, 2, ...),
x=1

where t, is defined by (25), so that
T — on+1+Py 1= But1—h

o1 +Bnt1 on+1+fat1’
To the expression H(x) we can apply the result of section 4, viz. the
relation (24). This gives
o)
H(z) £ Uy(z) 3 4 Vil(x) if O<z<o,
k=1

hence

Hz) < Uy) 3T, {Va@) = Vius @)}

n=1

_ Bnt1—B1 | _ .
- Ul x)ﬂg omt1-FBnr1 {Vﬂ(x) Vn+1(x)} ?/f 0<z<o.
In order to obtain an estimate for H(x) in the intervals go<z<(¢-+1)o,
where ¢ is a non-negative integer, we consider the function

D*(0;%) = =——— P(o; % — go).

cD(a go)
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We have
O*(o; 2)=dre P if m—1o <z <no (n=1,2,...),

where dy, S+ are positive constants with

d¥ =®*(0; 0)=1 , O*(c; no)=d*e P,

Bo=Busy (=1,2,..).

Starting with the pair of functions F(o; z), ®*(s; «) in stead of the pair

F(o; z), D(c; ) we can form the corresponding expression H(x). To this
expression we can apply the estimate found above. Stating the result in

terms of the original functions we find that in the interval go<x<(g+1)o
the expression H(x) satisfies the estimate .

(@)  H@) s -Upe 3 eoenzler qyog) - v, @),

where
UP(z) = D(a;g0) e—F1e = e~ Bt 4Bu=By 11
VO(x) = B(0;go)- e~ @t too=Bf . +fpo+ay
= e~ @t taplo— (it By Pote
Put

K[ x-[

and let g run through the integers 0, 1, ..., K. Then we have (K +1)¢ < a,
hence

B ='£(_7gg)_—_yo_(ﬂ—_l)_g_) Sy forn=12,..., K+ 1.
Consequently
U (x) > e~ Bt +By+854 000
= eTVOtT > g=va for g =10,1,..., K.
For n = N we have (n+¢)s = No>b, hence

1)o)— '
Busors = v(n+g+ )d; p((n-+g)o) =y

Henceforth
Botgir—Bou1 =y —y for n=N,N+1,...; g=0,1,..., K.

Now let n in particular have one of the values N, N+1, ...,2N—1,
so that (n+g+1)o < 2N+ K)o < 2b+20+a<2b+2a.

There exists a fixed number ¢, only depending on a, b and the functions
H(#), p(2), but independent of ¢, such that

Kpt1 } < ¢ for n=N,N+1,...,2N—1; g=0,1, ..., K.

n+g+1
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Finally for Vig(x)— V% () we get the estimate
V() — Vi (x) = e~ toglo=Bit . +By 4 o+ aye
{1 - e—(aN+1+...+a2N)a——(ﬂN+a+1+...+ﬂ2N+a)a+a2Nw—-an}
> em VTN (] _ =Gy st tBan g%
= e—(2N+K)6'a_{l — ¢m v}
> ¢~ (2b+2a)0, (1 _ e-*b‘}")

or g=0,1, ..., K and go<z<(g+1)o.
Using all these estimates we deduce from (29)

~HE) 2 U0 5 Db (vee) - Vi)

- e_yazNz—-l Brn+g+1 —Bg+1 . {V(g)(x) — V@ (.’Z?)}
n=N 0‘n+1+ﬂn+a+1 " ntl

> eg~ve . 26’ 2 {V(a) (x)}
= e Y. 26' {V(a) x) <a) x)}

hence

(30) - H(x) 2 1/2;(;72 e—ya—(2b+2a)6’. (1 _ e_b.y,),

if go<x<(9+1)o and g is one of the integers 0,1, ..., K.

The right hand member of (30) does not depend on o. Noting the
definition of H(z), we conclude that for each positive number a there
exists a positive number A4, independent of ¢, such that

d2

dz {~ log Fy(o;a)}

exists and is at least equal to 4 for each pair of real numbers ¢ and z with
O<o<ia, O<z<ia , g not integral.

Writing —log Fi(o; ) =g,(c; z) it follows that

1 {91(0;9”4)—91(0';1'3) __ 9ulo; %) —gi(05 %) } > A
Tyg— 1y Ly—Tg Ty— 2y =

if @, ,, 3, x, are positive numbers with 0<x; <2, <®3<z,<3a and if
0<o<3}a. Applying the relation (28) we see that the last inequality
remains true if we replace gy(c; ) by gy(x)= —log fi(x). Hence g () is
strictly convex in the interval (0, }a). Since a was arbitrary, this proves
‘that f,(x) is strictly logarithmic concave in the interval 0 = x<oco.

This completes the proof of theorem 1.

Proof of theorem 2. The number y is finite (see note 2)). Applying
theorem 1 with ¢(z)=/f(z) we see that

% :f i) 1t + ) dt
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exists for z = 0 and, as a funetion of z, is positive, continuous, steadily
decreasing and logarithmic concave in the interval 0 = xz<oco. Conse-
quently the relations (4) define inductively a sequence of functions f,(x)
which are all positive, continuous, steadily decreasing and logarithmic
concave in the interval 0 < x<oo.

By hypothesis log f(z) is not a linear function of z in the interval
0 < z<oo. Then there also exists a positive number a, such that log f(x)
is not linear in the interval a < x <oo. Inspecting the proof of the last
part of theorem 1 we find that log fy(%) is not a linear function of z in the
interval (0, 3a). A fortiori log f,(z) is not a linear function of x in the
interval 0 < x<oo. Hence all functions f,(x) have the property that
log f,(x) is not a linear function of x in the interval 0 =< xz<oco.

Let » be a non-negative integer. There exists a positive number «, such
that f,(x)=0(e~**) as x — co. So we may deduce

:fofm(w) dx =§:f°:j°f £) fult + ) dt dx
= 2T ThO ht+a) dede =2 [ [ f0)fo(w) dudr,
hence
T fual@) de = 5 [ 420) flo) duwdt = 2 (] fulw) duc

2
t20

Hence on account of (3) we find
Tfn(x)dx=y for n=0,1,2, ....
0

Consequently, in order to complete the proof of theorem 2, it is sufficient
to prove the relation

[ Hopde=1o)

or, stated otherwise,
(31) 2 [ (HOpdt—{0) [ )dt>0.

The left hand member of (31) is homogeneous (of degree 2) in f. Conse-
quently we may suppose without loss of generality f(0)=1.
As in the proof of theorem 1 let ¢ be a positive number and let the
function F(o; z) be defined by
a) F(o; no)=f(no) (n=0,1,2,..)
b) log F(o; ) is linear in each interval (n—1)g < 2 < no (n=1, 2, ...).
Then there exist positive constants ¢,, , (n=1, 2, ...), such that
Flo;a) =c,e v if (m—~1) o<z < 0o
O<oSay < ...
Cp & = ¢, €741 = F(0;n0)
¢, = F(g;0) = 1.



Hence we can deduce

2 ?f{F(a;x)}2 de — F(a;0) | F(o:) du
0

¢ < Cn —2x,(n—1)a 9, S )
= 2 Z CP {e n — e a,,Lnrr} - En {(f =10 _ o a,mo)
n=1 %0 n=1 %n ’

§ L [F2(o; (n — 1)) — F2(0;n0) — F(o:(n—1)o) + Flo;n0)]

n=1 %n

i

= ;1‘1 {F*(0;0) — F(0;0)} — § (i— : > - {F*(o;n0) — F(o;n0)}

=1 \&n Xn+1

- §(0‘in— : )'{F(o;”")—F‘z(o;na)}.

n=1 O +1

On account of «, =, ., the last expression certainly is non-negative.
But we can say more. Since log f(z) is not linear in the interval 0 < z<oo,
there exist positive numbers a, b, y, y’, such that

2a<b, y<y
xn=y if n=[2]
X, =y ifng[§J+1.

If ¢ has any value with 0<o<3a and = is a positive integer with
[(a/0)] =n = [(b/0)], then

F(o;n06) — F*(0;n0) = F(o;n0) - {1 — F(o;no0)}
> F(a; [g] 0) 1= F(a; H a)} > jb) - {1 — j(3a)}.
Hence

2 C_’[O{If’(cr;yc)}2 dxz — F(o;0) 0folf“(o';a:) dx

O, O +1

TS E L) (Fioine) — Foine)

n=[o"1a]

> f) - {1 ~~f(%a)}n=["Z_1M (i“ : )

Xp G4l

n=T[o"1a]
= [0) - {1 —fGa} - (5 — )

The last expression is positive and does not depend on 0. We now apply
the relation (28); this gives

1 1

2T @)} do — 10)] fle) de = ) - {1 = f3} - (5 = 57)-

y v

This proves (31) and so completes the proof of theorem 2.
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